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0. Introduction

0. EA

Urgent scientific and life problems demand development of modern estimation
methods [1, 2]. The concept of approximate solutions does not cover inexact
pseudo-solutions. Absolute errors are not invariant measures of accuracy.
Relative errors are used only for equalities of exact values to their approximations
and become indefinite and inadequate if the ratio of the sides of the equality is not

close to 1.
X SORHR A 6 & ARG . SO ORI (1. 2] OS2 ERL £ 9. 8 & 2 DR
OME&E . NIELEERE A A—L €A, RO T—lk. FEHESORLOFHITH) 2 ¢
Ao FEORDHELE 1 THOBLLIE . MUK AZ T 7 =236 Dirv & O IEHEAHED equalit

ies 720D b T, WHETLZ S TATRWEHD £9,

Estimation methods must be based on the intercommunicated concepts of sets and
numbers. But the Cantor's concept [3, 4] of sets ignores multiplicities of their
elements, identifies essentially different sets, and gives indefinite numbers of

elements and other functions of sets especially if they involve closely spaced



elements not exactly known, although the multiplicities of solutions of
polynomials are used in algebra. So it is necessary to consider generalized sets
with taking the multiplicities of their elements into account. And the known
numbers are insufficient to construct sensitive estimations and need their
replenishment.

At iR £y PEBOMEBECEL s BMBCEIrLTREL L) £€A. LAL. £y b
DAy b= O [3. 4] & 2HOWSOEREMEL T HAMCEL 2y PEFFEL
T, ZHAOMBIRD ZIEUESREFETHON 255, FFCsMBLFL AL N Tz wEECH
febfontEZResB8C 45 . EROANMELHE ¢y NOMOMEEEZZZ 3. TH T,
TNEWS DEROLZHMEEZEBIIANE LTl Thhv ey heBET 2D MBET T,

ZL T, BEmoBus . BliRkartizito T, s OMAEBEL T2 CEATHTT,

1. Generalized Sets and Numbers

1.Sets % —MKfh3 2. 2L T. %

Let

IN&E&d

ViX —>VX

V: X —> VX



be a numerical function (functional), whose domain of definition includes all sets
of some type, whose values are some generalized numbers of the elements of sets,

and which satisfies the following basic axioms:
WHES OEAH T D RA 7 D4y b & HCHOME (WML T3, flifdk ey FOFET

DL TOHLRWEOERT, 2L C. U FNOREAK 27 %072 4.

1) if a set x consists of one element only,

D ty FSNTxB1IDOERMLSMZ L 6L, 120

vx =1;

vx =1;

2) the estimation function \Y is quite additive:

2) AR n AEE WA IN T 4.

VUaEA Ga - Z()LEA VGOL

v U eAGa = ) a €A vGa

where

G, is any generalized set indexed by a in Cantor set A having any cardinality.

Golds EALEHTCLH - TLWRAAEHINEZI Y =L Talld>TA VYT v 7 A5 sh

2EABTHL TRy PTHEHD £7.

It can be rigorously proved that for the empty set g



ZRE. DLy FDEHDZFNEVI I EEHBLLAMHENZZENTEES O

vaz= 0,
v =0,
for any finite set,
ELBARLY PDRBHIZTH,
v{al, Uy e s an} =n,

v {al. a2. ..} =n.

and for any set if one element is added to or is withdrawn from x, vx is increased
or decreased by 1, respectively. This is known only for finite sets because it is
considered that any cardinality is absorbed by a greater infinite one although it is
not true for ordinal numbers [3, 4]. In particular, if N is the Cantor set of all the

natural numbers (positive integers) and it is designated that

T LTVIDDERDMESNEh. xho5loRRd o246, EAkLy NDHIZTEH, £
NN nx i IR ETEHERIN & TG [30 4] WE > THETR LA E A LIY
THEVRREBRONCEFTHZEHEZLNZ2DT, CREFARELy PET TSN TL &
To RV NZBITXTOH RE (EBE) EZ2NORBINZ2 A b=V THZNEI »IE. Z

nemang s

VN = NP

vN = ooN,



ooN+1>ooN.

N + 1 > ooN.
If N” is some subset of N and there exists such a (fractional) number .. and such

infinite subseries n, in N that for every k

NZBIE] . WOMBNDY T Ly hCF. ZLT. 2DEI% (ODEhn) BuNH., FET

2] ETELHLDBKkDIHDN T Z DR D subseries nk

VIN'N{ 1,2, .., m}) = W 1y

vl (NN {1. 2. .nk} ) =uNJ nk

then N’ 1s called fractionally numerable and it is designated that

ZLION] EbFreHiazsndégbhdd. LT, TRUE TN EMSNL & T

If N’ 1s the former and N’’ 1s such a subset of N that the both differences

NLZ&IE] . MG ENTHBI NODZDLEI YT vy M, ZRTH B TOEL

N” \N’

NJ \NJ

and

ZL T,



N’\N”’

NJ \NJ

[3, 4] are finite, then N** is called finitely fractionally numerable and it is

designated that

[3. 4] AR, BEKONTT] bFrCHiIoNTHIRMICZT VW ET, 2L T, 20820 &

SR (O S

VN> =vN’+ v(N” \N’) - v(N’ \N™’).

W] =vwWN+v] (NJ\NJ] ) —v] (N\NJ) .

(But there also exist other types of subsets of N, for example,

(Lol &F. 7282 NOID XA 7D 7 €2y MBS fFEL 2§

{11, 12, ..., 100, 1001, 1002, ..., 10000, ...,

{11, 12, ..100. 1001, 1002, ...10000- ...

10201+ 1, 102 + 2, .., 102, ).

102n-1+1. 102n-1+2. ...102n. ..} ) -

Let us then designate
INHEIRE D
1oy =07,

1/ N = 0+,



0 —0+=0-.
(07)P=0P",
(0+)p =0p++

r+ 0Pt =4P%,

r+ O0p+ =1p+.
v - Op+ = ]/‘p_

r —0pt+=r1p-

where p > 0 and r» are wusual real numbers or infinities.

ZITp>0brid. WHOELHF L ERTT.

So every real number (or infinity) represents the infinite set of generalized real

numbers (R+ is the set of such positive numbers)

HowBEH (£EEE AL T WEROERO Ly hEaET LI, RHE. 2D &

IBIEHDLy bTY)
; +
[peR+ rP ] v {r} U[peR+ rP ]’
[peR+1p-] U {r} U [peR+rp+] .

which is intuitively used in limits and improper integrals and allows to obtain

sensitive estimations having some parameters (for example, weights) 0" instead



of 0. Besides that, only such generalized numbers provide expressing probability
densities and distribution functions in uniform distributions over sets of infinite
measures. And such distribution functions can be depicted not in Euclidean but
Lobachevskian geometry that is therefore connected with probability theory by

the theory of generalized numbers.
Z LTZNUERELRFE> CHBENCEDN T, 00ROV EETD RS A=K (2&ZILHE
) N BPELFEC +2 B3 2LDZHFLET. ThOM . Z2OL I H0HbL Tz w
o, MROLED Ly D L — %M CHREEEpMEHEsRT e 2RHML 25,
TLT, 20 & Ml . Lo Ty ML T2 WHOIEC & > THERR & BHRS

& % Lobachevskian ¥ 4 X F ) —DIAME Z2—2 ) v FOLDTRINBIENT & F ¥ A

2. Generalized Least Upper and Greatest Lower Bounds

2. 28R D ETRERE L TR

The least upper and the greatest lower bounds [5] on any ordered set M are still
less sensitive for estimation than the known sets and numbers. So it is necessary

to introduce some generalized bounds.
LT O ED L DMEFESEMO TR [5] &, FHlio 2o, BFO €y befe v &7

BETHD FHA. TNT. TRHEETOHMUL TOLWIERZFEIHTOICBLETT,



The generalized least upper bound sup M is the generalized set of the usual least
upper bounds on generalized subsets of M reduced from above and is numerically

equal to the usual sup M.
EEERNERE. MET T ETHEOEKNDERO L Tty b ELSEAS SN2
MOSFL T ws 7 ey hOLEICHY 4. LT, HWHOLD EHERCELLWTTM %

TIN XTI,

The generalized greatest lower bound inf M is the generalized set of the usual
greatest lower bounds on generalized subsets of M reduced from below and is

numerically equal to the usual inf M.
L THLZOTRfEMIE, THA5S SN2 MOpML Thihuy 7 2y FOFIBED TRO

Sl Thzctvey N TIEO infM &EBERICEL WT T,

All these generalizations have a deep analogy and allow proposing some effective

estimation methods.

TRTOINSD—BRAGIREBLE R > T HTFORRIFHAE L EIREST 20250 £ 7

3. Unierrors

3. Unierrors

The method [6] to determine the unierror



unierror % ¥RE 3 % ik [6]

E=la-b|/(lal+1b])

E=|-b|/ (J+|bD

of a formal (true or false) numerical equality

R (KXY T bh 2 H[[EIE-> 2) numerical “FEED

a=?b

=?Db

can be naturally generalized to any functional equality or equation in some linear
normed space and to such combined equalities or equations. Let us consider the

equation
LT O/ Vv AFHOE A GHEEN 2 T L3 TERCTE, 2LT. 205 35 E8FD equ

alities ¥ 72 I3 HRERC AR —ffbanz o enTc& 4. TEAXEEZEL £

(D
(1)
Ly Loeo folom Zo]1 = 0 (AeA)
LA [oed fo [0eQzn] ] =0(eA)
where
LT

L, is an operator with index A from an index set A;
IANE AT v P AADAERINDIA YT v I ADBLEHE2ARNL —X—TT,

f 0 is a function (dependent variable) with index ¢ from an index set ®@;



fold. A>T v 7 AN OEMINZA VT v 72 Ans 1 H 3 WEEH T3,

z, 1s an independent variable with index ® from an index set Q;
0N AT v 7 RA0BQERINDA YT v 7 AN H DML TT,;

[coEQ Zu)]
[0eQzm]

1s a set of indexed elements Z,.
—#HDOA > Ty s A5 e EEE, z0 TT .

The local unierror may be defined by the

0 — # )l unierror I+ AR L > TERBINBILE LN EHA

2)
@

E

7\,[(0652 Z(o]

EL[ 0osQzo] =

0, 1Ly Ty Zo Il 7

alM|LA) [ 0eQzo] ||A/

(‘|Lx’[®€g) Z(D]”k oy |‘Lx“[@eg) Zm]”x) T

(LA [ oeQzol [A+ALA] [ 0eQzol V) +

By 1Ly [oeqy Zoylly/

BAILA] [ 0eQzo| A/

(L5 Tpeq ZoJlll, T By 1Ly Tpeqy 2D +

formula



(LA [ 0eQzol [[A4bl||LA] [ oeQzol ||A) +

'Y}LHL}\I,[(DGQ Z(D]H;L/

yA L) [ oeQzol |1/

(sup HLX’[me.Q Zm]”x T Y, sup ||Lx“[megg Zw]Hx)

(792 LA [ 0Qzo] [A+ghid ¥ BE LD ET LA [ 0eQzol |0

where
T
a5 By ™y
aABA YA
are positive uninumbers, their sum be equal

H0D 9 RY T 47 7% uninumbers. 5 DEEHIE. 1 £ZEL WTT,

% By
aiv PBA YA
are generalized positive
ML TR WIEHT T,
Ly loen %]

LA [ 0eQzo]

to l;

numbers;

is the left-hand side of (1) as a direct (not composite) function of the independent



variables;

(HDLMNE s M DOK AL 7 b (BRTHV) HREe L THY &7,

the both sup are taken in the domain of definition z, of the equation;

MTOT 0 &3 IHERDER 2zl OERTL £ 7

1Ly Tpeq Zo Iy,

ILA] [ 0eQzo] |1

is the usual least upper bound on the norm @ of

o

EEOHDDEOTOE L. Hio CRELLEU Do &4

||L)L’ [(DGQ Z(D]H;L

ILA] [ oeQzo] || A

when all possibly different isometric (conserving the norms) transformations even

of equal clements in
PTHELWERODSZIRNTDLA L L TR BZHERME (BELEHNT 2) g, wOTF

H

Lk, [(DE.Q Z(o]

LA [ 0eQzo]

are considered;

ZEIN 7



Ly [ peqr Zo]

LAl [ 0eQzo]

1s some function that 1s chosen (along with

WL OnE, IBXnafETT (&b

@, By Ty

ar BAs YA

(X,X, B)g 'YK)
art BA YA
by the principle of tolerable simplicity [6, 7] so that the estimation (2) is the most
sensitive one over the set of the classes of the functions f(P under consideration,

1.e., the difference
ZIOFMEQ)NEE (§4bbiEn) O TOHRE fo OO Ly MO Lt BEL LD TH B

KRT&sH4i& [6. 7] OFHIICE 5T

sup E - infE

EZ#93->5TL /23w -infE

has the greatest value.

Y RKELEEZ L £7.

Similar estimations can be proposed for other relations, too. If in (1), the equality



sign 1s replaced by inequality sign, let
Flo. BUL 25 . OB CIREISNBZ I ENTEET. (DTH 5T PR

A PEEE (snd) MV EBEZsNET

Ek[(er Z(o] =0

EL[ 0oeQzo] =0

if the inequation is true, and let us use the formula (2) otherwise. For the

generalized comparison
AERNHETH LA, 2L T SELTREARQEMS . ML T OO

Wz

a=b (mod d)

= b(JitfT D e D d)

(i.e.,
(¥xbb,
(a-b)d
( -b)d
is an integer),
BETT) .
where



a,b,d

b (d
are complex numbers
(d+0),
(d£0) .
the unierror may be given by the formula

unierror X« AW E->THZsn Bz LN EVTA

E =min({la - 0| /|dl}, 1 - {la - b] / |d|})

E=4 C {|-bl/[d} . 1- {]-b/|d}

where {x} 1s the fractional part of a real number x.

ZITARHODF > N—=xDbT M EHITT {x} .

Any pseudosolution

& A 7% pseudosolution T &

[pea Toloen Zo ]!

[ pedfp [weQ zo ]

to the equation (1) transforms it into equality (1) is also estimated by the formula

(2).

(DS 2 HRERCE > T PHEONDZRIE. ARQU > ToiEESN £,



Generally, a unierror is

JEH . unierror (& /> U BERERI T &

E: U—[0,1]

E: U—J[0. 1]

(Ll IS U =F U])
(=E ueU ul)
where
£CT
U 1S a domain

U %8t . FHii D 72 T3

E is the subdomain containing

EH7 R AL YIE. TXRTOIEMAYE H5ATHE T,

I is the subdomain containing all

Fh 7 B AL id. TRTORNEMELY 55 A TH FE T,

which satisfies some

ZLTENEETORRN 2 FEH 2wl &5

1) for every e

1D H5D2eDfizHil € E,

some functional

for estimation;

all  the exact  objects;

b

the inexact objects,

basic axioms:



2) there exists

2) iNnfFELEZT € FA

The  simplest (but

b HAie (Lol $lEz)

if

vl

if

tL e

insensitive)

S(e) = 0;

d (e)=0;
i = 1 such
o) =1.
d@) = 1.
estimation is  locally

aFAM . T TRREL T

o(u)=0

d (w=0

u eE,

ueE.

o(u)=1

d (wy=1

that

logical:



uel.

uefho

So its sum with the probability, that an object to be estimated is exact, is

identically equal to 1.

Z0T. WESNIYNIEHETH 20[FEMEC & 22 D4L8IE. 1 LRICLKHELWLWTT,

The domain average power weighted unierror in the Ath relation can be defined as

Mh B1R D FJINEE D unierror S EFE S 11 5 Z & AT & 25T

E, () = {lim [V )L, [ Tl e 2ol
Er (m (W) ) = {lim [V (] ) 1 -1] (LA [gedfp [0eQ zo] ] |M/

SUp|Ly [oe ) Lpeqy Zo 1™ dV(z, )3 )
ILA [oedfp' [0eQzo] J A% T3 2) m (L) dV (ZA] ) } 1/m(p)

b

(Zx — zk)

(zh] —2))

where
©EoT

Zy i1s the domain of definition of the Ath  relation;

z A Ath O BT & 048R T+ &,

z,” 18 domain's approximations that have finite measures ¥(z,’) and are domains of

definition for the both integrals;
zA] HEHO LD, ARLEV 28> T 2w DTT (zA) ) o 2L T, WS O

W OEED 2 T 7,



m(A) is a positive number, we shall take 1;
m (M EEHTT, Yk 15280 &7,

in the denominator, a direct (not composite) function of independent variables is
used and by determining the least upper bound, all different isometric

transformations (conserving the norms)
SR B LT, BOIEHOLA L 7 b (BERTHV) HAEDS. ibh T, B/ ER (FRTOR
% BERMEMN # 2 CREL T TEHEEL2HNT 2 L)

16, o Zolly = I, Lo 7o,
Ife' [0eQ zo ] ||jo=|Ifp [0eQzo] |jo

of even equal elements are considered.
B— % F5ED. BREFRESN & T,

The domain average power weighted unierror of a pseudo-solution to the

combined relations may be defined as

AR DA D S7INE O unierror N EHRS N 25 E L 174 WAEEFY

E(m) = {Y, \ WOE,m)]" /3, _, w3/
nE (m)= {XicAw (M) [EA (m) ] n/SAeAw (L) } 1/n

by the law of the nth power
FnEHO OB & 5T

where

£ECT

A is the set of indices A, which has the cardinality c(A);

AMYT vy 72Dty bR THZEHIE. TLTERE HEc ( A)

n=n(A)

n=n ( A)

is a positive number whose value may be



ifERD 26 LN VIEETT

1,2, c(N),

1 (2)¢c CA .

etc.

Z DA,

This unierror can be also defined as

C @D unierror I EHEINB I ELTEET

E, =sup,_, E,(m(})).

EA=AEHEE-5TLEEO AMAEL (M (L)) .

For instance, let two pseudo-solutions to some combined four relations have the
partial unierrors

T Z1ES BASHDEE4DDBURD 2 D ORI EB3 ) %4 unierrors & FFfz € T L2 &L

1, 1,1,0;

1. 1. 1. 0;

1,0,0,0,

1. 0. 0. 0.

respectively.  Their Cantor sets are identical and equal to

FNFh.,. HeDAY b—ty NEFA—T. ZZELWTT



{1, 0}
(1. 0

(and are indefinite at all if their elements are inexact, which often happens), but it
is intuitively obvious that the second pseudo-solution is much more precise than

the first one. So let wus consider just the generalized sets
(ZL T o DEENAEHETH 24618, F-oR<HETHY EHA. LIFLIFEZY £9)L
AL H2OMBRVBHIO L D& VAW ICIEHETH 2 2 3. BEBENCHS2TY. 2T, &

Stk Tty NEEEL LD

€)
3)

S, ={1,1,1,0};

St={1. 1. 1. 0} ;

S,=1{1,0,0,0}

S2={1. 0. 0. 0}

where  the  multiplicities  of  elements are  included. But

BEEROZREMEN G EN 2L A, L.,

sup S, =sup S, =1,

SI=AS2%F322Lx5TToTCLLEIL =1,

so 1t 1s necessary to determine just the generalized least upper bounds. The



generalized subsets reduced from above are
TRT, ZhiE s e2gitRMERERET 20CBETT. L2 Es N 2L TL

O Ty ML £ITT

{1, 1, 1,0}

{1. 1. 1.0} ;

{1, 1,0};
{1. 1. 0} ;
{1,0};
{1. 0} :
{0}
{0}
and
ZzL T,

{1,0,0,0};

{1. 0. 0.0} ;

{0, 0, 0;

{0. 0.0} ;

{0, 0};

{0. 0}:



{0}.
{0} .

Their sets of least upper bounds coincide with the sets (3) themselves in such a
case. The minimally reduced from above subsets having different usual least

upper bounds 1 and 0 are
BNEROB DLy ME. 20 & 58y b (3) AR TYT. B/MRICEL 2HED

BINEFR1E0AH 2 L0 T 2y N6 RATLEDE. 25T

{1, 1,0}
{1. 1. 0}
and
ZzL T,
{0, 0, 0}.
{0. 0.0} .
So
Z9

sup S, >sup S,

SIEZTT-5TLEINL > %2FTT-5TLEEIWL

and the second pseudosolution is estimated by E, (for

Z L T, %2 D pseudosolution i&+ EAWZ & o CTHEES L & 7 I (



E,(0(A))

EA (n (A) D

it is  obvious) better than the first one as  required.

ZHREBHANATT) . BHIOLD & 0 & LB IHL Ty

4. Summing Methods for

4. Methods # 5519 3% 2 &

Divergent Series

HoicErzy)—x

In particular, such methods for estimating unierrors provide many new methods to

sum up divergent series [8, 9]
FF(Z . unierrors #MEE T 22D & DA HEE. BOWICREZ 22 ) — A2 BT 2012, 2L D

L ik et L & 908, 9]

2ieN 4

YieN IV azbF vy E/

by obtaining constant A that ensures:

ZNAWEFRC T BIEFN A A£HEZ L0 d 5T



inf, sup | 4-(a,+a,+...+a )|/

infAsupn ||A- (al +a2+...+) ||/

1+ 4-(a,+a,+...+a)|;

(1+]]A- Cal+a2+...+) | ;

inf, lim___|[4-(a,+a,+...+ta )|/

Nn—>0

infA Iz, LW TLEE L= o ||[A- (al+a2+..4) ||/

(1+||A‘(a1+a2+---+an)”)§

(1+]|A- Cal+a2+..45) |P ;

inf, lim___||4-(a;+ta,+...+a )|/

2

—00

infAll. FiLTLEE L~ o |A- (al+a2+..4) |/

1+ 4-(a,+ay+...+a )

(1+]]A- (al+a2+...+) P

where lim 1s the upper

lim» EfRTH 2 & 2 3,

limit;



. -1
lan Sllpn (n Zizl " (H A - Zizl " Cll. ” /
infA supn (n-1Yi=ln (|A— Xi=ln IV a2zEF~>T7E/ ||/
1/g(n).
(L] 4 -5, " a D))V,

(1+||A— Xi=slnIY 2+ ~7E/ |PD ) q (n) /g (n) ;

inf , limn_m(n'lZizl "(A-x "all/

infA 2. FiOTLES0w— o (n-1%i=ln (JA-Yi=ln IV a2EF+~v7rE/ ||/

(L+[[4-5,,"a,|)7™)lam;

(1+|]A— Xi=lnIYzEF~7E/ D) q (n)) 1/q () ;

inf, lim __(n's,_ " (4-3,_,"al/

infA 12, #OTL S = o (n-1%i=ln (JA-Yi=ln IV 25 ~5E/ ||/

(1+[|4-5,_,"a,|)I®)am

(1+|A— Ti=slnIvzbF+~7E/ D) q (n) lgn)

where g(n) 1s a positive function of n, which can be, in particular, » itself or a

constant q.

q () PROVHETHREEZAEnDEREL 3. TLT. FRE. . nBEELLEHEFENZ q

THHZ&ET,



5. Reserves

5. THfX

But unierrors can be sensitive in principle to inexact pseudo-solutions and not to
exact solutions that have different reliabilities, especially if they and relations

themselves are inexactly known. For instance, both
Lol KRt s & BEME s HEANIEHECH SN T 274 518 unierrors (& JRRI & U CTAIERE %

BIRIRCBURTH D 2 T, FMESRCELZZ3EHEE 2 ZTARCFEODERDD L EHA. 2k

ZWES 7LD
x,=1+10710
x1=1+10-10
and
zL T,
x,=1+10"
x2=1+1010
are exact solutions to the inequality

LRI . ATPEHECHD &7



x>1,

but x, is practically dubious and x, is guaranteed. So it is necessary to introduce

some concept of a reserve

Lol x1EFEAESEDLLTT. 2L T, RXEHFIESN ET. ZUBELOETOME %1

BHITDICLETHBZ L HIC.

R:Us[-1,1]

R: U—[-1. 1]

whose values satisfy the following basic axioms:

AED A A LA DIEAH) 2 JRF 2 i /2 U & 5 #4»:

1) for every i € 1,

1) HH503iDHIC € Fh

R(@) =- E(@) <[-1, 0];

R(i) =- E@)e [-1. 0] ;

2) for every e e E,

2) HorwdedDizdil € E.

R(e) [0, 1];

R (e)e [0, 1] ;

3) there exist such an i e [ and an e e FE that



3) ZTDEILINHFELET € B FL T, ecERN. TNTT

R(i)=-1

R(i) =-1

and

ZL T,

R(e)=1.

R (e)=1,

For instance, the reserve of any pseudosolution x to the combined inequalities

fo& 2L HENPENDE A % pseudosolutionx DEZ T L

[OLEA aa <X ch BEB]

[aeA an<x <bp B eB]

where
G

a, b, x

b (x)
are real numbers;
FH T T
= 1s one of the signs

e A DIBD]1IDTT



can be defined as

EBINBZENTEET

R(x, [OLEA aa <X ch BEB]) =

R (xl [oeAan«x <bpBeB] =

inf_y o (O - @ )/(W2la 1), (bg- X)/(xtH2lbg+1).

infoeA. BeB ( (x— aa) / (x[+20aaf+1) +  (bB-x)/ (xH2bBH+D) ) -

6. Pseudo-Solutions

6.4% Solutions

Thus reserves provide arranging all pseudo-solutions. If there exists a pseudo-
solution that has the maximal reserve, that may be called a super-pseudo-solution.
An exact super-pseudo-solution may be called a super-solution, an inexact one is

called a quasi-solution. The super-solution to the inequalities
DL, BAGTRTCOBMRETFRT 22 21t £ 9. MKRROE 2 & R D BMIRAH

HTHET 2561, 2R A—A—58EMIRETENR T EhE LN £ A. EEL A —/—5E



fRRE A — N —fRREMPIT N T2t LN g A AIEMEL L OE BB EIFIETATL 7,

APEED R — /S — ik

(6)
(6)
Clo <X cal
a0 €«x «al
1S
b Ed

x, = 0.25 (2 + 2lay| + 2la,| - lag+ a,))> + 8lay + a,)) 2

xs=025 C ( (2+2DD[a0|+2 DDJal| — [a0 +al|) 2+ 8Ja0 +al|) 1/2

-2 -2|ay| - 2la,| +lay,+ a,]) sign (a, + a,).

— 2-220Ma0 —2 D DJal|+[a0+al]) « FELL TS0 (a0+al) o

If there exists a pseudo-solution that has the minimal reserve and is inexact, it

may be called an anti-solution. The anti-solutions to the same inequalities (6) are
RNDEZEF> Ty NIEWHET H 2 BRRDHFET 2% 61 THERFIREFEN T 20 Y

LhEehA. ACAFEODRMBRIE. 25TT

if



tL b

or

H DI

and (6)

FLT, OWEENDY £ §

if

tL ¥

or

(al - |a0|

(al =1a0|

has

'|ao‘ <X < |a0D;

—a0] <x <a0]) ;

xA=+oo

XA =4+

a < '|a1|

a0 <—|al]

form



H B

(a() - '|a1‘

(a0 =—Jal| —

and (6) has a form

FLT. OWIEERAD D &

agl <x <ay));

—la0| <x<[a0]) ;

xA = 4w

XA =+
if
tL b

4o~ %

a0 =-al
and (6) has a form
ZFLT, OWEHnDY &£ ¢
'|a()| <X < |a0|
—la0] <x< a0

or



H B

-lagl <x <lay.

—la0| < x < a0|.

If the set of pseudo-solutions is compact, super-quasi-solutions exist. They can be
determined by the method of equalizing the partial reserves of a pseudo-solution

to separate relations.
WIRIRD £y b BRIV R N ThHBEHIE. A—A—-HJRRHBFEL £ 5. s, BFEEY)

0 M 12 RRIROMA M A EZ L KT BHETHESNB LN TEET.

7. Probabilities

7.0] Btk

Estimations are often given by corresponding probabilities. It is possible to
generalize the concept of a probability [10] that is locally logical because every
elementary outcome gives either 0 (if it is not favorable) or 1 (if it is favorable).
So a usual probability may be considered as a logical reserve that is equal to 1 for

exact solutions and to 0 for inexact pseudo-solutions.

FEAfIE . T AAREtEc E o T LI LI SN E T, DS O IZERDERL0 (ZNBHHT 4



W HIE) M1 (ZNHAERTHZL5IE) 252 207T., HitT @wmBERTH 2060 [10] O
M&r B+ 22 &id. AfRETd. 2h T, WaEOAReME . FHAMIROLZD D1 £ T 2L

T NIEELBRERO DD 0 F TEHLLHREREZ Ebh a3t LA,

Let us consider the conditional probability

KA & MEREHBEL & 5

P(slp)

P(s|p)

that some pseudo-solution is an exact solution. When using uniform distributions
on

ETHVETOBERGE . FHELFIRT T, o TV AN~ fisfli) & &,

(-oo, OO)

(— o0 o)

or

DB

(-n/2, m/2) 3¢ = arctan x,

(-m/2« w2) > = 1EEE% x.

the probability of  holding the following inequalities 1S:

AN DOATE L FFOR ek, LTOMEY T4



X <:

or

DB

X >

or

H BT

P(slp) = 1/2 + 1/2 X a/eo

P (slp)=1/2+1/2 xa/ w0

P(s|p) = 1/2 + 1/m arctan a;

M

P (slp) =1/2 + 1/n i IEHBEEL;

P(slp) = 1/2 - 1/2 x ale

P (sp)=1/2 - 1/2 xa/ o

P(s|p) =1/2 - 1/n arctan a;

P (sp)=1/2 - 1/n i IE 3 B4,



a0 <x<al:

P(slp) = 1/2 % (a, - ag)/

P (slp)=1/2 x (al -a0) /oo

or
H B
P(s|lp) = 1/m x (arctan a, - arctan q,y).
P (spp) = l/mn x (i 1E32RA % al - W IEREBIE a0)
When using uniform distributions on

o T Y —u el &,

('Oos OO)

(— oo o)

or

DB

(-m/2, m/2) sy = arctan x

(-n/2. w/2) > y=1FEFEEH x

corresponding to more sensitive reserves generalizing probabilities, the expected

value of  the reserve (5) of  the inequalities (6) is

HREMEE —RILL Tw 3 & DBURAZEZ & 8L T, AFEO)D THO)DOHFHEE . 25T



MR(x,a,<x<a))= 2n)! x

M R(x. a0<ix<al (ZxE1 &} & 97) =2n)-1 x

>0 L ((-1) +signx )aln(1 + 2la)/(1 +2la| +2a?) -
$i=01 ( ( (-1 i+DH A > xs) ailn (1+22D|I V2 F~7E /D / (1+2]3V2EF~7=E
/| +2ai2) —
0.25(1 + (-1)" (a; + 2aja)/(1 +2la| +2a?)) +

025 (1+Fh (-1) (I Y 2bF~vr E /4203 VabrvrE/D /(142003 V2L F vy

T /|+2ai2) ) +

(2m)” (arctan S ) I I'(sign x,-(a;+2alal)/(1+2a]+ 2“1'2) +
Qn)- 10 IEREE xs) Yi=0 1 (xs i HHLL T EFEWL - (IVabF vy E/+2aIV2EFoH
£/ (1+2]3V2EF 77 E /| +2ai2) +
@)y, ' (1 +asignx + 2la)n((1 +x %)/

@n)-13i=01 (1+3IvVabF~7E/fEExs+2(I Y2+ ~7E /D In ( (1+xs82) /

(1+2la) +2a?)/(1 +2la| +2a?).

(1+220|3 Y2+ ~v7E /|+2ai2) )/ (1+2(3 V28 F 77 E /| +2ai2) .

Besides that, the usual probability, initial and central moments [10] are not
sensitive to the incompleteness of information. For example, each of them gives

identical results when one ball i1s extracted from a box having white and black



balls in equal or unknown portions. It is conditioned by the first power of
probabilities (for discrete random variables) or of their densities (for continuous
ones). Hence one may utilize (usual or normed) initial and central moments for

which this power 1s not equal to 1.
T hofuz, FEOFREME. 4 = vov & FOBER [10] & BROATESCHERTH ) £
ho T2EZIE 1DDR—ILBEFEL HARMOEF T THLS TERY F—LEHZ THL 20575 &
rnze&, FEsDFYER—D&REE2 4. 2. TTREE (X OMRLEHD 2o
W) D, FRiE. e DEE GHEG tODRHI) DERHIONICE > TEEITTsn ET. T
WZWZ NEZDHB1EHELLK 2w CGRETH 25 /0 L) YD B & U central BifH % F] H &

ML NLELA
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